We reexamine the effective action for the d-dimensional random field Ising model derived by Brézin and De Dominicis. We find a non-Gaussian fixed point where the φ 4 couplings in the action have various scaling dimensions. The correlation-length exponent in d = 6 − ǫ has the value consistent with the argument of the dimensional reduction in the leading order.
Introduction
Recently, Brézin and De Dominicis derived effective scalar field theory for the Ising model in a Gaussian random field within the replica formalism [1] . They showed that the theory contains five φ 4 coupling constants as well as the standard φ 4 coupling constant. They also pointed out that we meet singular fluctuation on the critical surface below dimension eight when we take the zero-replica limit. In order to resolve this problem, they redefined the coupling constants such that the beta function for the new coupling constants does not explicitly contain n, the number of the replica components, and suggested instability of the non-trivial fixed point in dimension d, where 6 − d is sufficiently small. However, their analysis has room for improvement because their beta function does not completely take the one-loop correction into account.
In this letter, we reconsider the stability of the fixed point and discuss consistency with the argument of (d, d − 2) correspondence [2] . Our strategy follows the renormalization-group(RG) transformation in the disorder phase, where the infrared divergence discussed in ref. [1] does not occur, so that we can take the zero-replica limit without any problem. We compute the recursion equation for the coupling constants including the all one-loop corrections surviving in the limit n → 0.
The RG transformation(RGT) considered here is defined in the seven parameter space which includes not only the five φ 4 coupling constants but also t and u 0 : here t and u 0 correspond to the reduced temperature and strength of the random field, respectively. We cannot control the RG flow to stay in the perturbative region around the Gaussian fixed point by a one-parameter tuning because the both constants t and u 0 have the mass dimensions 2. However, we can redefine the coupling constants such that the perturbative RG analysis is applicable by one-parameter tuning if d ≥ 6. The trivial fixed point by the new coupling constants no longer corresponds to the Gaussian fixed point and the five φ 4 coupling constants get various scaling dimensions after the redefinition. In particular, the standard φ 4 coupling constant comes to have the mass dimensions 6 − d and the other φ 4 couplings have less than that. Hence, the single φ 4 coupling constant becomes slightly relevant in d = 6 − ǫ with small ǫ at this fixed point, which is quite similar to the case of the pure φ 4 theory in
Further, it is found that the correlation-length exponent in d = 6 − ǫ is the same as that of the pure φ 4 theory in d = 4 − ǫ at least in the leading order of the ǫ expansion. Thus the result is consistent with the argument of the dimensional reduction [2] .
The effective action and RG
The d-dimensional effective action derived by Brézin and De Dominicis is given by
where α and β, which run from 1 to n, specify a replica component and
The interaction conjugate to u 1 contains one summation over the replica index while the other interactions have more than one, which apparently shows that the other coupling constants u 2 , · · · , u 5 are less relevant in the replica limit. However, as we will see below, those interactions can affect the flow of the running coupling constants even in the zero-replica limit. The quadratic part S 0 defines the propagator:Ĝ
Note that B(p) dominates over A(p) in low-momentum region with small t, while A(p) can be more relevant in the replica limit because δ αβ associated with it reduces powers of n. We calculate perturbative RG transformation(RGT) in the usual manner [3] . Namely, in the partition function, we first perform integration over the higher-momentum Fourier componentŝ
with p belonging to K > ≡ {p|L −1 Λ < |p| ≤ Λ} , where L > 1. Next, the following rescalinĝ
is applied if 0 ≤ |p| ≤ L −1 Λ. Finally, the coupling constants are redefined such that the action preserves the same form up to irrelevant interactions.
At the tree level, we redefine the coupling constants as
with θ = (d+2)/2, the action remains unchanged: no surprises arise in the zero-th order. In addition, the φ 4 coupling constants seem irrelevant when d > 4, which is inconsistent with the rigorous result [4] .
However, going to the one-loop correction, the situation drastically changes. First, let us calculate the one-loop corrections to t and u 0 , which are extracted from
Here
and the propagator in the coordinate representation consists in the higher momentum components:
Using eqs. (3) and (8), we can explicitly compute eq.(7). The result is
up to O(n). Here we have defined
Next, let us look at the one-loop corrections to u i , which are computed from
Lengthy but straightforward calculation gives, up to O(n),
where
Performing the rescaling (5), the coupling constants t and u µ respectively move to t ′ and u
Here we discuss that O(n) terms appearing in the right-hand side are irrelevant if we study the critical phenomena from the disorder phase. Suppose that we repeat RGT k times keeping the O(n) terms and that t reaches t k (n). If k is finite, t k (n) is obtained as a polynomial of n with a finite degree. It means that lim n→0 t k (n) = t k (0) does not have any singularity. On the other hand, we can obtain t k (0) by applying k times of RGT in which the replica limit is taken. When we compute the correlation length, RGT is repeated until t k (0) ≃ 1, which will be satisfied with a finite k in the disorder phase. Hence we can ignore the terms of O(n).
The crucial point of this discussion is that k is finite. It could be possible that lim k→∞ t k (n) is singular at n = 0. In this case, the order of two limiting procedures k → ∞ and n → 0 will not commute. If we want to compute critical exponents on the critical surface, we must repeat RGT infinitely many times. This could cause the singularity in the replica limit as pointed out by Brézin and De Dominicis [1] . In this letter, we restrict ourselves to the case of the disorder phase where we can take the replica limit in eq.(15), so that we hereafter ignore O(n) in eq.(15).
Redefinition of the coupling constants
In the pure φ 4 theory near the upper critical dimension, the RG flow is controlled to be in a perturbative region by requiring that the initial value of t should be small. On the other hand, the RG flow considered here cannot stay in the perturbative region by the one-parameter tuning because u 0 having the mass dimensions 2 exists. Note that the φ 4 -coupling constants u 1 , · · · , u 5 also grow under the RGT through the loop integrals B 2 and C, which are respectively proportional to u 2 0 and u 0 . In order to resolve the difficulty, we introduce the new coupling constants g 0 , · · · , g 5 as follows:
The scaling dimensions at the tree level of the new coupling constants are easily found from those of u µ 's (See eq.(6)):
The loop corrections to the new coupling constants are translated from δu µ by
Our claim is that once we know the corrections δu µ by the formal perturbative expansion, we can obtain δg µ in terms of a power series of g µ in the replica limit.
To prove it, we first look at a loop-correction term in δu j (j = 1, · · · , 5), which generally has the form of u
where F (u 0 , t) contains the loop integration with the internal lines A(p) and B(p), and contains the summation over the replica indices. Let #A, #B be the number of A(p) and B(p) in F (u 0 , t) respectively. We notice that
Since the interaction conjugate to u i has 2 − α i summations over the replica indices, the number of the sums in F (u 0 , t) is
It should be reduced up to 2 − α j by Kronecker's delta associated with A(p): otherwise, F (u 0 , t) becomes O(n) and disappears in the limit n → 0. Thus, we have the following restriction to #A:
In other words, from eq. (22),
Since B(p) is proportional to u 0 , F (u 0 , t) can be written
where f (u 0 , t) does not contain any positive powers of u 0 . Therefore, f (u 0 , t) = f (g 
in the replica limit, where p µ ≥ 0, (µ = 0, · · · , 5). Moreover,f (t) is analytic around t = 0 because the loop integration is performed over the higher momentum region. A similar consideration can be applied to the two-point coupling constants t and u 0 and we find that δt and u −1 0 δu 0 can be expanded around g µ = 0. Thus the proof is completed.
Switching from (t, u µ ) to (t, g µ ), we can see the region where the perturbative RGT is available. In eq.(27), one can show that
This implies that g 0 is not neccesarrily small. Namely, the perturbative expansion will be reliable in d ≥ 6 if the initial conditions satisfy |g i | < 1 (i = 1, · · · , 5), |t| < 1 and |g i g 0 | < 1. For example, Brézin and De Dominicis suggested that the initial coupling constants for the random field Ising model satisfy
with small ∆, where ∆ denotes the variance of the Gaussian random field. Going to the new coupling constants, we get
Since g 0 g 1 is equal to the standard φ 4 coupling constant u 1 , it is expected that the perturbative expansion will be valid for the random field Ising model with small ∆ although g 0 g 1 exceeds ∆. We emphasize that the trivial fixed point by the new constants (t, g µ ) = 0 does not correspond to the Gaussian fixed point (t, u µ ) = 0 because g 0 = 0 means that u 0 = ∞. We can trace RG trajectories in the vicinity of the non-Gaussian fixed point by the perturbative RGT using the new coupling constants.
Finally, we compare the observation in ref. 
The ǫ-expansion near six dimensions
Here we put ǫ ≡ 6 − d and find a non-trivial fixed point with the ǫ-expansion.
To begin with, let us compute the one-loop correction to the new coupling constants. When t is small, the loop integrals in eq. (11) can be expanded around t = 0. For example,
Here we have defined
Using eq.(31) in eq.(10), we get the one-loop correction δt and δg 0 written in terms of the new coupling constants:
where we have used the parameterg 3 ≡ g 2 + g 3 instead of g 3 for convenience.
It indicates that the fixed point defined in eq.(37) is once unstable, as in the case of pure φ 4 theory with d = 4−ǫ. Moreover, the correlation-length exponent, which is given by the inverse of the largest exponent in eq. (40), is found to be 1 2 + ǫ 12 + O(ǫ 2 ).
It is exactly the same as the leading-order result in the d = 4 − ǫ pure φ 4 theory.
Discussion
In this letter, we have analyzed the effective field theory derived in ref. [1] near the upper critical dimension using the renormalization-group method. We have shown that the non-trivial fixed point is once-unstable in d = 6 − ǫ, where ǫ is sufficiently small, and derived the correlation-length exponent.
The result is totally consistent with the Parisi-Sourlas dimensional reduction in the leading-order computation. It is a nontrivial problem whether the consistency is preserved beyond the leading order, which will be reported elsewhere.
The point of the present study is that we redefine the new coupling constants g µ by eq.(16) such that the RG flow can be stayed in a perturbative region by the one-parameter tuning near the upper critical dimension.
It will be interesting to construct a model that describes vicinity of the non-Gaussian fixed point (t, g µ )=0, not relying on the replica formalism.
